Abstract. Let K be a global function field of characteristic p > 0 and let M be a (commutative) finite and flat K-group scheme. We show that the kernel of the canonical localization map
Statement of the main theorem
Let K be a global field and let K be a fixed algebraic closure of K. Let K s be the separable closure of K in K and set G K = Gal(K s /K). Further, for each prime v of K, let K v be the completion of K at a fixed prime v of K lying above v and let K ). The validity of the Hasse principle for M(K s ), i.e., the injectivity of the canonical localization map
in Galois cohomology, has been discussed in [12, 6] . See also [9] , §I.9, pp. 117-120. However, if K is a global function field of characteristic p > 0 and M has p-power order, the injectivity of the canonical localization map β 1 (K, M) :
in flat (fppf) cohomology has not been discussed before (but see [7] , Lemma 1, for some particular cases). In this paper we investigate this problem and show that the injectivity of β 1 (K, M) depends only on the finite G K -module M(K s ), which may be regarded as the maximaĺ etale K-subgroup scheme of M. Indeed, let
Then the following holds.
Main Theorem. Let K be a global function field of characteristic p > 0 and let M be a commutative, finite and flat K-group scheme. Let v be any prime of K. Then the inflation map
Thus the Hasse principle holds for M, i.e., X 1 (K, M) = 0, if, and only if, the Hasse principle holds for the G K -module M(K s ). An interesting example is the following. Let A be an ordinary abelian variety over K such that the KodairaSpencer map has maximal rank. Then A p m(K s ) = 0 for every integer m ≥ 1 [17] , Proposition, p.1093, and we conclude that the Hasse principle holds for A p m
The theorem is proved in the next Section. In Section 3, which concludes the paper, we develop some applications.
Proof of the main theorem
We keep the notation introduced in the previous Section. In addition, we will write (Spec K) fl for the flat site on Spec K as defined in [8] , II.1, p.47, and
We will see presently that, in fact,
By a theorem of M.Raynaud (see [14] or [1] , Theorem 3.1.1, p. 110), there exist abelian varieties A and B defined over K and an exact sequence of K-group schemes
where ι is a closed immersion. For r ≥ 0, let
be the maps induced by ι and ψ. The long exact flat cohomology sequence associated to (1) yields an exact sequence
where r ≥ 1. Since the groups H r (K, A) and H r (K, B) coincide with the correspondingétale and fppf cohomology groups [8] , Theorem III.3.9, p.114, and [5] , Theorem 11.7, p.180, we conclude that
, where the intersection takes place inside A K v . Proof. Let F/K be a finite subextension of K s /K and let F v denote the completion of F at the prime of F lying below v. Choose an element t ∈ F such that F v = k((t)), where k is the field of constants of F , and let m ≥ 1 be an integer. Then F
Now let a ∈ K be inseparable over K. Then there exists an integer m ≥ 1 and an extension F/K as above such that
, and the lemma is now clear since A is covered by affine K-varieties.
If v is a prime of K, we will write
Lemma 2.2. Let v be a prime of K. Then the canonical map
Proof. Write M = Spec R, where R is a finite K-algebra, and identify
, by the previous lemma. Thus
The above lemma and diagram (2) show that the localization map
The main theorem is now immediate from the exact commutative diagram
whose rows are the inflation-restriction exact sequences in flat cohomology [16] , p.422, line -12.
Applications
Let K and M be as in the previous Section. We will write K(M) for the subfield of K s fixed by Ker G K → Aut M(K s ) . We note that the Hasse principle is known to hold for M(K s ) under any of the following hypotheses:
is cyclic. See [9] , Lemma I.9.3, p.118. 
is cyclic as well if p is odd or m ≤ 2 and (a) applies. Clearly, this class contains all ordinary abelian varieties A such that the associated Kodaira-Spencer map has maximal rank since, as noted in Section 1,
Clearly, the condition f ≤ 1 holds if A is an elliptic curve, but there exist higher-dimensional abelian varieties A having f ≤ 1. See [13] , §4. Let X denote the unique smooth, projective and irreducible curve over the field of constants of K having function field K. If A is an abelian variety over K, we will write A for the Néron model of A over X.
The following statement is immediate from the main theorem and the above remarks. 
is injective.
The next lemma confirms a long-standing and widely-held expectation.
Proof. Since H 2 (K v , A) = 0 for every v [9] , Theorem III.7.8, p.285, it suffices to check that X 2 (A) = 0. For any integer n, there exists a canonical exact sequence of flat cohomology groups
Since the Galois cohomology groups H i (K, A) are torsion in degrees i ≥ 1 and Q/Z is divisible, the direct limit over n of the above exact sequences yields a canonical isomorphism
. An analogous isomorphism exists over K v for each prime v of K, and we conclude that X 2 (A) is canonically isomorphic to lim − →n X 2 (A n ). Now, by Poitou-Tate duality [9] , Theorem I.4.10(a), p.57, and [4] , Theorem 4.8, the latter group is canonically isomorphic to the Pontryagin dual of lim 
Taking the direct limit over V in the above sequence and using [4] , Lemma 2.3, we obtain an exact sequence
where the product extends over all closed points of U. The exactness of the last sequence shows the injectivity of the right-hand vertical map in the diagram below
We conclude that
Now, it is shown in [10] , Propositions 5 and 6, that lim
shows that lim ← −n X 1 (A t n ) = 0, as desired. Remark 3.4. With the notation of the above proof, the kernel-cokernel exact sequence [9] , Proposition I.0.24, p.16, for the pair of maps
yields an exact sequence
Since lim ← −n X 1 (A t n ) = 0 as shown above, the inverse limit over n of the preceding sequences yields an injection
This injectivity was claimed in [3] , p.300, line -8, but the "proof" given there is inadequate and should be replaced by the above one. 
and
Proof. The injectivity of the first map is immediate from Proposition 3.2 and PoitouTate duality [4] , Theorem 4.8. On the other hand, the lemma and the long exact flat cohomology sequence associated to 0 → A p m → A p m → A → 0 over K and over K v for each v identifies the second map of the statement with the first, thereby completing the proof.
Remark 3.6. When A is an elliptic curve over a number field and p is any prime, the injectivity of the second map in the above proposition was first established in [2] , Lemma 6.1, p.107. 
